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Abstrat
M-theory ompaties on a seven-dimensional time-dependent hyperboli or at spae to a four-
dimensional FLRW osmology undergoing a period of aelerated expansion in Einstein onformal
frame. The strong energy ondition is violated by the salar elds produed in the ompatiation,
as is neessary to evade the no-go theorem for time-independent ompatiations. The four-
form eld strength of eleven-dimensional supergravity smoothly swithes on during the period of
aelerated expansion in hyperboli ompatiations, whereas in at ompatiations, the three-
form potential smoothly hanges its sign. For small aeleration times, this behaviour is like a phase
transition of the three-form potential, during whih the osmologial sale fator approximately
doubles.
PACS numbers: 11.25.Yb, 98.80.Jk, 04.50.+h
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At present, the study of aelerating osmologies deserves partiular interest for several
reasons. Reent astronomial measurements on ertain types of supernovae, as reported,
e.g., in [1℄, seem to indiate that our universe is not only expanding, whih has been known
for a long time, but is undergoing an aelerated expansion. Moreover, the hypothesis
of another, inationary, epoh of aelerated expansion in the distant past is supported
by measurements on the osmi mirowave bakground, see, e.g., [2℄. Phenomenologially
motivated osmologial models whih exhibit aelerated expansion for at least a ertain
period of time are easily onstruted. The task, however, of deriving suh a model from
a ompatiation of a higher-dimensional theory suh as superstring or M-theory, whih
are believed to inorporate the standard model onsistently, is a more diult one. This is
due to the existene of a no-go theorem for ompatiations on time-independent internal
spaes [3, 4℄. This theorem states that if the strong energy ondition is satised for a
higher-dimensional theory, whih it is for ten or eleven-dimensional string or M-theory, then
it is also valid for the ompatied theory. But then the time-time omponent of the four-
dimensional Rii tensor is subjet to the ondition R00 ≥ 0, and, sine R00 is related to
the aeleration of the sale fator S in an FLRW universe by R00 = −3S¨/S, it follows that
aeleration is forbidden.
A reent letter demonstrated the possibility of evading this theorem [5℄; a solution of the
vauum Einstein equations was presented for whih spaetime is ompatied on a ompat
hyperboli manifold of time-varying volume to a four-dimensional homogeneous and isotropi
FLRW universe with a phase of aelerated expansion. This work is easily extended to the
M-theory ase where, in the low energy limit, the equations of motion follow from the bosoni
part of the ation of eleven-dimensional supergravity [6℄,
S =
∫
11
√−g
(
R− 1
2 · 4!F
2
4
)
, (1)
involving the urvature salar R and the four-form eld strength F4 = dC3. In priniple,
this ation should additionally ontain the Chern-Simons term C3 ∧ F4 ∧ F4. This term,
however, beomes irrelevant below when F4 is realized as a volume form. The fat that F4
an be non-zero in toroidal or spherial ompatiations has been established before [7, 8℄.
One new point here is to look at the remaining possibility and to investigate the eets of
a non-zero F4 in a hyperboli ompatiation.
Consider the following eleven-metri, parameterized by funtions of time K(t), L(t) and
2
S(t),
ds211 =
(
K(t)
L(t)
)−7/6
ds2E +
(
K(t)
L(t)
)1/3
ds27 , (2)
where
ds2E = −S(t)6dt2 + S(t)2dx · dx (3)
is a four-dimensional FLRW metri in Einstein onformal frame. The internal spae with
the metri
ds27 = g7mndy
mdyn (4)
is taken to be a ompat Einstein manifold with negative or zero urvature, suh that its
Rii tensor satises
R7mn = −6κ2g7mn for κ ≥ 0 . (5)
The eleven-metri (2), together with the four-form
F4 = bL(t)
2vol1,3 (6)
where vol1,3 = dt∧dx1∧dx2∧dx3, solves the Einstein equations and the equation of motion
of F4 derived from the ation (1) if
S(t) = K(t)7/12L(t)−1/4 (7)
and
K(t) =


√
21γ
14κ sinh 3
7
√
21γ|t| for κ > 0
e
3
7
√
21γt
for κ = 0
, (8a)
L(t) =
3γ
b cosh 3γt
. (8b)
Note that not all onstants of integration are displayed: dierent time shifts may be hosen
in K(t) and L(t). Solutions that are of similar type have been onsidered before, however,
without appreiating their possible aelerating behaviour, see e.g. [9℄. Moreover, the spe-
i solution presented above has a lose relation to S-branes, see [10, 11℄ (and referenes
therein). It desribes, in fat, an eletrially harged SM2-brane, with a hyperboli or at
transverse spae, whose three spatial worldvolume diretions orrespond to the spatial se-
tions of the four-dimensional FLRW osmology onsidered above. It is lear from K(t) in
(8) that the κ > 0 solution with hyperboli internal spae does not simply redue to the
3
Figure 1: Plot of a typial sale fator S(η) and its aeleration d2S/dη2 (multiplied by S5).
one for κ = 0 where the internal spae is at. The same happens for the eld strength: the
solution for L(t) with non-zero eld strength parameter b 6= 0 does not simply redue to the
one for b = 0, given in [5℄, where instead L(t) = e3γt (with γ set to γ = 1).
The standard time oordinate η in Einstein frame is dened by dη = S(t)3dt, see (3).
Expansion of the Einstein frame sale fator orresponds to dS/dη > 0 and aeleration to
d2S/dη2 > 0. Hene, as in the zero eld strength ase [5℄, it is easily shown that the above
solutions admit a period of aelerated expansion for negative t in a ertain interval
t1
γ
< t <
t2
γ
(9)
(whih maps into an interval η1 < η < η2 of positive η), see gure 1. Suh aelerated
expansion, however, an only be possible if the strong energy ondition is violated by the
salar elds arising in the ompatiation proess. These are the sale eM of the internal
spae, whih is determined by
M(t) =
1
6
ln
K(t)
L(t)
, (10)
and a term oming from F4. Reduing the eleven-dimensional ation (1) by substituting the
metri ansatz (2), one nds a four-dimensional salar Lagrangian
L = 7∇2EM −
63
2
(∇EM)2 − 42κ2e−9M − 1
2 · 4!e
21MF 24 . (11)
Note that this expression is given in Einstein frame and is only reahed by a suitable onfor-
mal transformation of the four-dimensional part of the original eleven-metri. It is neessary
to go to the Einstein frame in order to avoid interpretational ambiguities: in partiular, this
4
frame is haraterized by a time-independent Newton onstant. From the energy-momentum
tensor Tµν of L one nds
X ≡ Tηη − 1
2
TgEηη
= 63M ′2 − 42κ2e−9M − 1
2
b2e−21M (12)
where M ′ = dM/dη. This quantity is required to be positive by the strong energy ondition,
and indeed,
X = −6S−1d
2S
dη2
, (13)
suh that the strong energy ondition is violated if, and only if, the aeleration of the sale
fator S is positive. Note, from the seond term inX , that a hyperboli internal spae, where
κ > 0, gives rise to a negative ontribution. For a at internal spae, this term vanishes
and the strong energy ondition an be violated only by the third term whih is due to the
four-form F4. The latter ontributes negatively beause of a more general observation [3℄: p-
forms in n dimensions may violate the strong energy ondition for p ≥ n−1. Suh an eet,
that the four-form of eleven-dimensional supergravity gives rise to a negative osmologial
onstant upon redution to four dimensions, has also been noted in [7℄.
The phase of aeleration has several interesting properties. In the following they are
disussed for a hyperboli internal spae. For a at internal spae one proeeds similarly, and
a summary of the results for this ase is given below. Now let κ > 0. Aelerated expansion
starts at the time t1/γ and ends at t2/γ where one nds t1 ∼= −0.78 and t2 ∼= −0.15 as the
two negative solutions of the equation
−(5−√21) cosh 6(1 + 1
7
√
21)t+ 8 cosh 6
7
√
21t
−(5 +√21) cosh 6(1− 1
7
√
21)t+ 8 cosh 6t− 10 = 0 (14)
whih follows from d2S/dη2 = 0. In terms of the physial time variable η, the aelerating
phase is bounded by
ηi = A(ti)b
3/4κ−7/4 for i = 1, 2 (15)
where the funtion A(t) is given by
A(t) =
(
3
21477
)1/8 ∫ t
−∞
ds
cosh3/4 3s
sinh7/4 3
7
√
21|s| . (16)
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Figure 2: The sale of the internal spae given by M(η).
The dierene η
a
= η2 − η1 gives the total aeleration time
η
a
= [A(t2)− A(t1)]b3/4κ−7/4, (17)
and the expansion fator during the period of aelerated expansion is obtained to be
a =
S(η2)
S(η1)
∼= 2.155 . (18)
Note that the fator a is onstant and independent of the parameters of the solution (8).
This implies that there an be no hope of using this solution in any inationary senario,
where the required expansion to solve osmologial issues, suh as the horizon or the atness
problem, is of the order of magnitude O(e60). The total aeleration time η
a
, on the other
hand, depends on the eld strength parameter b as well as on the urvature κ of the internal
spae. It tends to zero for b → 0 or κ → ∞ in whih limit the sale fator doubles
instantaneously. The sale of the internal spae is determined by the behaviour of M in
(10). One nds that M → ∞ as η → 0 and also as η → ∞. In the aelerating phase, M
assumes a minimum value, as is shown in gure 2. Looking at the solution in the whole range
of η shows that there is no stabilisation of the internal spae sale, whih seems to be a more
general problem in hyperboli ompatiations [12℄. The fat, however, that the sale has
a minimum, whih is reahed very fast, means that there is a natural 'ompatiation' of
the internal spae until the end of the aelerating phase. The following deompatiation
is a very slow proess.
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Figure 3: The behaviour of the four-form F4 as a funtion of η (for a hyperboli internal spae
κ > 0).
The four-form eld F4 smoothly swithes on in the phase of aelerated expansion. For
small times η → 0, it behaves like
F4
η→0∼ b−(1+2ǫ)γ2κ14ǫ/3η8ǫ/3vol1,3 (19)
where ǫ = (
√
21/3−1)−1, whereas in the limit η →∞, the eld F4 tends to a onstant value
F4 = F∞vol1,3 with
F∞ = 9γ2/b . (20)
More preisely,
F4
η→∞∼
(
F∞ − 9γ2b(6κ)−14/3[3
4
(η − η0)]−8/3
)
vol1,3 , (21)
see also gure 3. As b → 0, the four-form value at innity F∞ may be kept onstant by
hoosing an appropriate value for γ. But this limit oinides with the one of zero total
aeleration time. For small b, therefore, the three-form potential C3 of eleven-dimensional
supergravity is behaving as in a rst order phase transition, haraterized by the fat that its
derivative F4 = dC3 beomes disontinuous. The four-form eld F4 is almost instantaneously
swithed on to its η →∞ value F∞vol1,3 while the sale fator S(η) of the FLRW universe
jumps by the fator a ∼= 2.155.
Many of the results for a at internal spae, where κ = 0, are similar to those for the
hyperboli ase κ > 0, some are very dierent. The appropriate expressions (15, 17) for
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Figure 4: The behaviour of the four-form F4 as a funtion of η (for a at internal spae κ = 0).
the times whih haraterize the period of aelerated expansion are essentially obtained
by replaing κ by γ (the integral in (16) diers, of ourse). The expansion fator of the
FLRW osmology in this period beomes a ∼= 1.355. For the internal sale one again nds
an evolution as shown in g. 2. The interesting hanges appear in the behaviour of F4.
While (19) stays the same up to the replaement κ 7→ γ, one nds that F4 tends to zero also
for η →∞. For some nite η
max
, the four-form assumes a maximum value whih equals the
limiting value of the κ > 0 ase, F
max
= F∞. For a plot of F4 see gure 4. These dierenes
between κ > 0 and κ = 0 are best understood from the three-form potential
C3 =
3γ
b
tanh 3γt dx1 ∧ dx2 ∧ dx3 . (22)
In the hyperboli ase κ > 0, a negative C3 at η = 0 (t = 0) is swithed o as η → ∞
(t → 0). The value F∞ of F4 is the slope at t → 0. The dierene for κ = 0 is that,
here, η → ∞ orresponds to t → ∞ beause S(t) is non-singular. Thus, a negative C3 at
η = 0 (t = 0) makes a transition to a positive C3 of the same absolute value as η → ∞
(t → ∞). This transition takes plae around η
max
. It has the slope F
max
and an be made
disontinuous in the limit b→ 0 while keeping the ratio γ/b onstant.
The alignment of the four-form along the diretions (0 1 2 3) of the nal osmology is not
the only possibility onsistent with the rotational symmetry of FLRW spaetimes. Rather
than hoosing F4 as above, one might also onsider aligning it along (0 | 4 5 6), (1 2 3 | 4)
or along diretions (4 5 6 7) ompletely in the internal spae. Another interesting question
is whether there are solutions where the Chern-Simons term of the eleven-dimensional su-
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pergravity ation beomes important, or whether it is possible to nd solutions where the
internal spae is a produt of several manifolds. With suh extensions, one might hope to
be able to ontrol the properties of the phase of aelerated expansion or even to ombine
several of these phases into a single solution. This then might provide a key to derive more
realisti osmologies, inluding ination, from M-theory. After ompletion of this work, sev-
eral papers have appeared whih explore further aspets of aelerating osmologies from
string and M-theory ompatiations [13, 14, 15℄.
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